In this work, we consider the sequence whose term is the number of ℎ-vectors of length . The set of integer vectors ( ) is introduced. For ≥ 2, the cardinality of ( ) is the Lucas number is showed. The relation between the set of ℎ-vectors ( ) and the set of integer vectors ( ) is given.
Introduction
Firstly, we give the well-known definitions of the 
with initial values = 0, = 1.
The Lucas numbers are defined = + , = 2,3,4, …
with initial conditions = 2, = 1. The first a few Lucas numbers are 2,1,3,4,7,11,18,29,47,76,… .
Hilbert functions of graded rings are more convenient for many applications and are known to relate to many different subjects such as dimensions, multiplicity and Betti numbers (see: Bruns and Herzog, [1] sequence, whose term is the number of ℎ-vectors of length , is bounded above by the Fibonacci number. Ozkan et al. [4] introduced the cardinality of the M-sequence of length is bounded above by the Lucas number.
The aim of this paper is to show the sequence defined by the number of ℎ-vectors of length is bounded above by the sequence of Lucas numbers. This paper is organized as follows. In Section 2 we give some concepts of ℎ-vectors. Section 3 presents main results of this paper.
Materials and Methods
We first give some necessary background on Hilbert functions and ℎ −vectors. The sequence { ( )} is defined by the number of ℎ-vectors of length . In particular, for ≥ 1 we define
and set ( ) = | ( )|.
Using Macaulay's Theorem, the authors of [2] constructed the ℎ-vectors of length at most 7. The ℎ-vectors of length at most 6 is given in Table 1 . We write … for the ℎ-vector ( , , … , ). We set ( ) = | ( )|.
Remark 2.5. It is worth noticing that the sets ( ) and ( ) of Definition 2.4 form a set partition of ( ).
The first few sets ( ) are In Table 2 , the integer vectors of length at most 6 and cardinality of integer sets is given. We write … for the ℎ-vector ( , , … , ). Proof. We shall prove by induction that, for all ≥ 1. When = 1, the claim is true, since (1) = = 1. Since (2) = = 3, the claim is true for = 2.
Suppose the claim is true for all = , that is ( ) = . Then
Thus the claim holds for = + 1, that is ( + 1) = | ( + 1)| = .
Theorem 3.2. For all ≥ 2, ( + 1) ⊆ ( ).
In particular, the sequence ( + 1) is bounded from above by the Lucas sequence.
Proof. Note that ( ) is the set of all integer vectors (1, , . . . , ) with 1 + + + ⋯ + = + 1 and the property that if = 1 then = 1 for all ≥ . We will prove this by induction for all ≥ 2. For = 2 , the claim is true, since (3) ⊆ (2):
(3) = {(1,1,1), (1,2)} and (2) = { (1,1,1), (1), (1,2) }. When = 3, the claim is true, since (4) ⊆ (3): (4) = { (1,1,1,1), (1,2,1), (1,3) } and (3) = { (1,1,1,1), (1,1), (1,2,1), (1,3) }.
Suppose ( + 1) ⊆ ( ), for = . We have to show that the claim is true for = + 1, that is, ( + 2) ⊆ ( + 1).
Denote the number of element of a set by ( ). Then
Since ( ) ∩ ( + 1) = ∅, this also gives
Since ( ) ⊆ ( − 1) and ( + 1) ⊆ ( ), we set
Similarly, since ( − 1) ∩ ( ) = ∅, we get
We then get from (7)
Hence
We know ( + 2) ≤ ( + 1) . Hence ( + 2) ⊆ ( + 1). Proof. We will prove this by induction for all ≥ 2. When = 2 , the claim is true, since (2) ∖ (3) = (1). For = 3 , the claim is true, since 
